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Abstract: We investigate semi-classical properties of Maupertuis-Jacobi correspondence for families of 
2-D Hamiltonians {H\{x 1 ^) ) 'H\{x 1 £)), when 1-L\{x,£) is the perturbation of a completely integrable Hamil- 
tonian H veriying some isoenergetic non- degeneracy conditions. Assuming H\ has only discrete spectrum 
Oiear E, and the energy surface {Ho = £} is separated by some pairwise disjoint Lagrangian tori, we show 
^hat most of eigenvalues for H\ near E are asymptotically degenerate as h — » 0. This applies in particular 
CNbr the determination of trapped modes by an island, in the linear theory of water-waves. We also consider 
CX[uasi-niodes localized near rational tori. Finally, we discuss breaking of Maupertuis-Jacobi correspondence 
iJ^n the equator of Katok sphere. 

cn : 

C^). Introduction 

Maupertuis-Jacobi correspondence. 

i ' 

KAM theorems for perturbations of an integrable Hamiltonian system provide in phase-space a "full 
leasure" set of invariant tori. For the semi-classical quantization of such a Hamiltonian, we can construct 
turn quasi-modes associated with these tori, using Maslov canonical operator. But the problem of 
finding even one invariant torus for generic non-integrable Hamiltonian systems is in general open; this is 
^achieved in case of Maupertuis-Jacobi correspondence. Recall the classical : 
ON ; 

^Theorem 1 [Godbillon, Weinstein]: Let M = M d be a smooth manifold, and H, H E C°°(T*M) two 
ITffamiltonians, sharing a regular energy surface S = {H = £} = {H = E}. Then H,H have the 
\C$o,me integral curves on S, up to a reparametrization of time. Hamiltonian vector fields are related by 
— G{ t )Xh, parametrizations by dt = Q(r)dr. 

7-h ; 

'^proofi Since S is of codimension one and u (the canonical 1-form on T*M) is nondegenerate, V = {v G 
J^TS : i v 0J = 0} is one dimensional at each point of S. But ix H = dH = on E, and similarly ix H = dH = 0. 
^_Tlius Xu and Xh are parallel. £ 

a ■ 

We say that the pair (H,T-C) satisfies Maupertuis-Jacobi correspondence at energies (E,£). 
Examples: 

1) Geodesic flow and motion in a potential. 

Let ds 2 = gij{x)dx l ® dx^ be a metric on M. Consider H(p, x) = 2 (e~v) 9^ ( x )PiPj > with E > sup M V, and 
H(p,x) = -g 13 (x)piPj + V(x). Then (H, H) satisfy Maupertuis- Jacobi correspondence at energies (E, 1), 
and parametrizations t and r are related by dr = (E — V)dt. This was used by Levi-Civita in connexion 
with Kepler problem. 

2) Linear water waves theory and Liouville metric on Q C R 2 . 

We call Liouville metric on Q a conformal metric 7i(p, x) = g(x)p 2 , such that the geodesic flow is completely 
integrable with a quadratic second integral. If Q is diffeomorphic to an annulus, then H is conformally 
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equivalent to a Liouville model metric with additional integral of motion: 

H(x,p) = g(x)p> = /\ +P l „ T(x, P ) = V(X2)PI ~ U{XI)PI 



u(xi)+v(x 2 y ' ' ' ' u(xi)+v(x 2 ) 

The non-integrable Hamiltonian is the dispersion relation for gravity water waves H(p,x) = |p|(l + 
n(x)p 2 ) tanh(D(x)\p\); there are one-parameter families (H, He) and (He, H) satisfying Maupertuis-Jacobi 
correspondence at energies (E, 1), provided metric g(x) = g(x,E) is conveniently chosen as a function of 
depth D(x), or vice- versa. 

3) The projective equivalence of metric connexions, e.g. Finsler metrics on the sphere. 

2) Maupertuis-Jacobi correspondence for quasi-periodic Hamiltonian flows. 

Assume that an integral manifold for H consists of the Lagrangian torus A C {H = 8} such that the 
Hamiltonian flow r on A is conjugated to a linear flow with vector of frequencies ou = (uji, • • • , cD^): 

(V(t), X(t)) = (P°(ur + <p ), X°(ur + <p )), Vo e T d 

This holds for instance if H is completely integrable, or if % is only quasi-integrable and A is a KAM 
torus, with Diophantine frequency vector ou. 

Theorem 2 [DoRo]: Assume a Diophantine condition on ou. Then Maupertuis-Jacobi correspondence 
induces a reparametrization of A by 

where f is a smooth, periodic function. The corresponding motion on A is quasi-periodic with frequency 
vector ou = ou/ (Q) , and : 

de t »=f 



In the neighborhood of a Lagrangian immersed manifold in T*M, Darboux-Weinstein theorem ensures 
the existence of a suitable coordinate chart; moreover in the case of a Lagrangian torus, we can select it 
of a certain type: 

Theorem 3 [BeDoMa]: Let A C T*M be the Lagrangian torus A = {(p,x) = (P°(ip), X°(ip))}. Then 
there are action-angle coordinates (J, ip) G neigh(/°; H, d ) x T d , so that y' = (^j^) are canonical coordi- 
nates defined in a neighborhood of A 0; of the form 

Y(J,tp)=Y°(tp)+Y J (tp)Q(J,tp) 

A J = A + 0(l) in the C°° topology, L = J-I°,J j = ± §^ P(J, ip)dX(J, ip) 

These coordinates can be defined without reference to any Hamiltonian system. Now assume A is 
invariant with respect to the flow of Hamilton vector field Xh- By the classical Birkhoff normal form 
(BNF) for H, we can find a foliation of that neighborhood by almost invariant tori: 

Theorem 4 [Birkhoff]: Let M compact or M = H d , and H G C°°(T*M) (non necessarily integrable); 
let also A = A C T*M be a smooth Lagrangian torus, invariant by the flow of Hamilton vector field 
Xh, conjugated to a linear flow, with vector of frequencies ou. Then in the coordinates (i,(p) above where 
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Ao = {i = 0} ; H(p, x) — H + (u, i) + 0(i 2 ). Moreover if u is Diophantine, then for all N(> 2) there is a 
canonical transformation , which maps the zero section onto itself, preserves the action integrals along 
closed loops, and H o — H N (i) + 0(i N+1 ). 

5) Semi- classical quantization 

Consider now a /i-PDO of order H = H w {x, hD x ; h), whose Weyl symbol in S°{M) = {H G 
C°°(T*M) : \d^d^H(x,p;h)\ < C a ^} has asymptotics H(x,p,h) ~ H (x,p) + hH^x.p) + hH^x.p) + 
...,h ->■ 

Hu(x, h) = H w (x, hD x ; h)u(x; h) = (2nh)- d J J e ip{x - y)/h H(^^,p; h)u(y)dydp 

Function Hq(x,p) (or principal symbol of H) is the classical Hamiltonian, and for simplicity, we shall 
assume the sub-principal symbol Hi = 0. We have the following : 

Theorem 5 [DoRo]: Let A = A = A(J) be a smooth Lagrangian torus invariant under the Hamiltonian 
flow of H , and assume this flow is conjugated to a linear flow on T d , with frequency vector u, H \^ = E. 

1) Let < 5 < 1 and assume the frequency vector u be Diophantine. Let N so large that S(N + 1) > 2, 
and Co > 0. Then if h > is small enough, we can find in a neighborhood of A a (finite) sequence 
of tori A(J',N), almost invariant under Xh, modulo 0{\i\ N ), so that Bohr-Sommerfeld-Maslov (BSM) 
quantization condition J' = h(k + a/4) holds, provided J' = J' k (h) = I + t/ k (h), fork G Z d , \hk — I\ < C h s . 
If 

E k (h) = E + H N {i' k {h)) — E + (oj, i' k {h)) + 0(\i' k (h)\ 2 ), \E k (h) -E\< dh 5 (1) 

there is a quasi-mode (u k (x, h), E k (h)) for operator H , i.e. (H — E k (h))u k (x, h) = 0(h 2 ) in L 2 norm. 

2) If 8 = 1, no irrationality is required on ui. Then conclusions of 1) hold for N = 1, for k G Z d , 
\hk — 1\ < C h, when h > is small enough. In particular, the BSM quantization condition writes simply 
as J' = h(k + a/4). 

3) In both cases, the distance between any E k {h) and the spectrum of H is 0(h 2 ). In particular 
if the spectrum of operator H is discrete near E, then there exists an eigenvalue E of H such that 
E = E k {h) + 0{h 2 ). 

This theorem makes use essentially of the classical BNF, but as is well known, classical BNF given in 
Theorem 4, provided the Diophantine condition, extends as well to all orders in h. In fact, after conjugat- 
ing with suitable Fourier integral Operators microlocally near A, (which makes use also of a quantization 
of action-angle variables as given by Darboux-Weinstein theorem) H becomes a /i-PDO which acts on 
functions defined on T d , and satisfy Floquet periodicity condition u(x — k) = e 2l7r ( / + a V 4 : fc )/ /l M ( a; ) ) fa £ z d . 
This observation, in the case of high energy asymptotics, follows essentially from [Wei] (see also [CdVl] 
and [Sh]) and was extended in the semi-classical case, as in [HiSjVu]. So we can improve (5.1) to all orders 
in h, though it is difficult to obtain the actual perturbation series beyond first order. 

6) Stable and unstable spectra 

Let ("H, H) satisfy Maupertuis-Jacobi correspondence at energies (£, E), with H completely integrable; 
let also H' G C°°(T*M), with A a small coupling constant, and H x = U + XH'. 

It can happen that there corresponds a smooth family of Hamiltonians H\ = H(x,C,) + XH'(x,C,; A, £, E) 
such that (H\,H\) satisfy Maupertuis-Jacobi correspondence at energies (S,E) for small A; or conversely, 
given H\ — H + XH', that H\ = H(x,£) + XH'(x, £; A, S, E) and H\ satisfy Maupertuis-Jacobi correspon- 
dence at (S, E). This is the case in Examples 1 and 2 above. 
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Now assume the isoenergetic non degeneracy condition (IKAM) on u(I) = holds in E, i.e. 

which means that I h-> [co(I)] = (u 1 (/),••• ,u d (I)) restricted to the energy surface V. = £ is a (local) 
isomorphism on the projective space. When a > d — 1, and for c > small enough, we define a KAM set 
on E, as the Cantor set : 

K ca = {I e E = n-\£) :VkeZ d \0, \(k,Z(I))\ > c \ k \~ a } 

whose complement has a small measure (of order c) as c — > 0. 

For I G K C:(T , we know that the KAM torus A(J) survives small perturbations V,\ = V, + XH' of "H, 
and the Hamiltonian flow for ~H\ is again quasi-periodic on a deformation A A (J) of A (J) with a frequency 
vector proportional to oo(I) (see [Bo, Theorem 1.2.2]). 

Consider now /i-PDO H\ with principal symbol Hq(x,^) = H\(x,^). By Theorem 5 we can construct 
a quasi-mode for H\, corresponding to asymptotic eigenvalues Ek(h), for all lattice points kh (possibly 
shifted by Maslov index), within a distance of any KAM set on S, not exceeding h s . The dimension of the 
span of the corresponding asymptotic eigenfunctions ipk(h) is about (27rh)~ d \K Cj0 .\. This set of lattice points 
has several "connected components", which consist in the stable spectrum induced by Maupertuis-Jacobi 
correspondence, and are separated by so-called "resonance" zones, the unstable spectrum. The unstable 
spectrum is associated with quasi-modes concentrated on rational Lagrangian tori, or elliptic periodic or- 
bits, or with so-called Shnirelman quasi-modes concentrated on connected components of S between KAM 
tori. 

7) Isoenergetic KAM Symmetries and degeneration of the spectrum. 

Our main result is the semiclassical counterpart of a theorem by Shnirelman. Given some J(h) C N, 
with \J(h))\ — > oo as h — > 0, and J'(h) C J(h), we say that is of relative density 1 iff lim^o \j(h))\ = ^ 
We say also that H is time-reversal invariant iff HY = TH, where T(x,^) = (x, — £). We have: 

Theorem 6: Assume d = 2. Let H G S°(M), such that H has discrete spectrum in 1(h) = [E — h s , E + h 5 ], 
< 5 < 1. Let J(h) = {j G N : \j(h) G 1(h)} label the eigenvalues in 1(h), counted with multiplicity. 
On the other hand, let % be completely integrable, or a small perturbation H = % + XH' of an integrable 
Hamiltonian H, satisfying IKAM condition. Assume that ("H, H) satisfy Maupertuis-Jacobi correspondence 
at energies (£,E), and S = {H = E} = {H = 8} is compact, diffeomorphic to T 2 x S 1 or T 2 x [0, 1] so 
that it is separated by any 2 pairs of invariant tori. Assume also H is time-reversal invariant, and there 
are 4 invariant tori (separated in phase-space) with Diophantine frequency vectors 

A ls A 2 = r(Ax), A 3 , A 4 = T(A 3 ) 

Then there exists J'(h) C J(h) of relative density 1 such thatMj G J(h) : \\j±\(h) — \j(h)\ = 0(h°°). 

It holds in particular in Example 2. Thus, most of the spectrum of H in a //-neighborhood of E is 
asymptotically degenerated, due to the time-reversal invariance, and existence of invariant tori separated 
in phase-space. This phase-space tunneling is given a precise form in case of the Liouville metric % 
[DoSh], where the splitting between semi-classical eigenvalues turns out to be exponentially small. Thus 
phase-space tunneling reflects also in Maupertuis-Jacobi correspondence. 

The proof of this theorem is close to this of [Sh] and consists in 3 steps: 1) The construction of a 
"quasi-projector" quantizing a "smeared" characteristic function of the set S 3 between A 1 and A 2 , that 
depends essentially on the action variables t near Aj, given by the BNF; and similarly with A 3 and A 4 . 2) 
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The use of semi-classical measures corresponding to the spectrum of H in a //-neighborhood of £ = T, E , 
that converge weakly to the normalized Liouville measure on 3) A dichotomy argument that sorts out 
measures supported on different splittings of by the Aj's. 

The conclusion is somewhat weaker than the corresponding one in [Sh] for high energy asymptotics of 
Laplace-Beltrami eigenfunctions on M, since it only gives information relative to a subsequence (of density 
1) of eigenvalues. 

8 ) Quasi-modes for rational Lagrangian tori and Larmor precession. 

We consider next the situation where the frequency vector associated with the flow of on A is 
rational (then we say for short that X# has rational flow). It may happen that the flow of Xh on A 
induced by Maupertuis-Jacobi correspondence is again rational ; in this case we can construct by means 
of Theorem 5 quasi-modes for H in a /i 1 / 2 -nghbd of A. In general however, the flow of Xh on A is again 
conjugated to a linear flow, but with a frequency that generally depends on the initial condition. 

Making a linear transformation T G SL 2 (Z) on the angles, we can assume that u = (ooi, 0). Maupertuis- 
Jacobi correspondence induces a reparametrization of time, of the form dt = Q(fi + 0J\T, <f 2 )dr. We have 
set if = [if i, ip 2 ) £ T 2 (for simplicity, we restrict to d — 2.) There is a reparametrization of T 2 , of the form 

$ ~. ip 1 — y = $(</?) = f + ug(ip) 

where g is a smooth, scalar periodic function. The motion on A induced by this reparametrization is 
periodic with frequency vector 00 = (001,002) = (o>i,0), where uoi = 00^1^2) = , and (Q)^ 2 denotes the 
average with respect to It is a smooth periodic function of ip 2 = y?2 G T. Near A we apply Darboux- 
Weinstein theorem in the special form given in Theorem 3, we can write Hamiltonian H in some symplectic 
coordinates (x,£) where x = (xi,x 2 ) G T 2 stands for ip above, £ = (£1,^2) £ R+ the dual coordinate and 
A is given by £ = 0. With H = H\&, this gives H = H + Ui(x 2 )t;i + a(x,£) where a(x,£) = C(£ 2 ) is a 
smooth periodic function on x E T 2 . 

There is no canonical way to determine the motion on nearby tori A J , but under some elliptic- 
ity condition, this motion can be identified with a Larmor precession in a varying magnetic field, see 
[ArKoNe,Sect.6.4]. In this model the "fast variable" x\ stands for the direction of the "unperturbed orbits" 
(the small circles), and the "slow variable" X2 for the direction of the "drift". Averaging in variable xi, for 
any N we can reduce H to H(x 2 , £) = H + Ui(x 2 )£i + H N (x 2 , £) + 0(\^\ N+1 ) where H N (x 2 , £) is a polyno- 
mial in £ of degree N and vanishing of order 2 at £ = 0. We notice that H' N (x 2 ,£) = Wi(x 2 )£i + H N (x 2 , £) 
is in involution with £1, so we are reduced to a 1-D problem, and discuss according to the components 
of the Reeb graph. A simple model is given by Hn(x 2 ,!;) = and the spectrum is obtained, in first 
approximation, by considering the family of Schrodinger operators P(x 2 , hD X2 ) = \{hD X2 ) 2 + u)i(x 2 )ki, 
fci G 2nhZ, h 5 . 

9) Aharonov-Bohm effect on the sphere and projectively equivalent Finsler structures. 

We examine here the breaking of Maupertuis-Jacobi correspondence in the following example: Consider 
the Lagrangian on the unit sphere M = S 2 of R 3 

L(x,v) = ^P + (A(x),v) (2) 

where A(x) = cK - ^^ ' cos^i ' ^) m e( l ua t or i a l coordinates (qi,q 2 ); this is a radially symmetric potential 
vector, inducing a closed form dA(x) = 0, but not exact, due to the singularity of A(x) at the poles. We 
call L the "Aharonov-Bohm Lagrangian" on S 2 . When \a\ < 1, (2) defines a Finsler metric on M = S 2 , 
which is not reversible, due to the linear term. Finsler metrics we consider here are a special class known 
as "Randers metrics", i.e. metrics of the form 

F(x, v) = yj g x (v, v) + g x (v, X) (3) 
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where g x is a Riemannian metric tensor on M and X a real vector field satisfying g x (X,X) < 1. With a 
Finsler metric, we associate a Hamiltonian by the usual prescription. In the case of a Randers metric, this 
yields a "Randers symbol" on T*M, having the form : 

H(x, = yJh x (Z,£) + (Y, = A(x, + (4) 

where /i x is a positive definite quadratic form on T*M and F a real vector field on M, satisfying (F, £) = 
h x (Y,£), h x (Y, F) < 1. We can identify Finsler metric (2) with the famous Katok metric on S 2 constructed 
as follows. Let g be the standard metric tensor on S 2 , and F G TS 2 \ is the generator of a group of 
rotations Ro(t) of period 2n. We take F = aF , a e] — 1, 1[, so that ^(F, F) < 1. So Katok Lagrangian 
identifies with Aharonov-Bohm Lagrangian if we take Y = A. 

The geometry of Katok sphere is well-understood, see [Tay] and [Zi]. In particular, when a is rational, 
the flow exptH ri (x,^) is completely periodic, as is the geodesic flow on the standard sphere S 2 . For 
irrational a instead, there are only 2 closed geodesies 7±, both supported on the equator 7, but swept with 
different speeds 1 ± a, due to the fact that the metric is not reversible. 

If A were smooth everywhere, the 2 metrics (standard and Katok) would be projectively equivalent, in 
the sense they have same geodesies; this is broken by the singularity of A at the poles. 

In fact, projective equivalence is a special case of Maupertuis-Jacobi correspondence in case of Finsler 
metrics. Standard and Katok metrics on R 2 fulfill only partially this correspondence at energies (1,1), in 
the sense that their only common Hamiltonian orbit is the (lift of) equator 7. We know from [Zi], that if 
a is irrational, then the Poincare maps of the closed geodesies j± are tangent to rotations with angle 
respectively. In particular, 7± are of elliptic type with irrational exponents. This allows to construct, by 
the method of complex germs, quasi-modes supported on 7 ± , see e.g. [BrDoSe-ZeTu]. 
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